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Answer all questions. Each question carries 5 marks

(1) Show that the initial value problem y′ = xy2 on the rectangleR := {(x, y) ∈
R2 : |x| ≤ 1, |y| ≤ 1} has unique solution but the solution is not unique in the

domain S = {|x| ≤ 1, |y| <∞}.
(2) Let a ∈ C be such that the real part ℜ(a) is nonzero, and let b1, b2 be two

complex-valued continuous functions on 0 ≤ x <∞ such that |b1(x)− b2(x)| ≤
K, (0 ≤ x < ∞) for some constant K > 0. Let φ and ψ be two complex-

valued functions that satisfy the equations y′ + ay = b1(x) and y
′ + ay = b2(x),

respectively. Assume that φ(0) = ψ(0). Show that

|φ(x)− ψ(x)| ≤ K

ℜ(a)
[
1− e−ℜ(a)x

]
for 0 ≤ x <∞.

(3) Show that the equation ydx+(2x−yey)dy = 0 is not exact. Find the integrating

factor and solve it.

(4) Solve the following system{
dx
dt

= 3x+ 4y
dy
dt

= 5x+ 6y.

(5) Consider Bessel’s equation x2y′′ + xy′ + (x2 − p2)y = 0 whose normal form is

u′′ +

(
1 +

1− 4p2

4x2

)
u = 0,

where x > 0 and p ≥ 0 and compare with the equation v′′ + v = 0, then what

can you conclude about the zeros of the solution u of the Bessel’s equation in

each of the following cases: 0 ≤ p < 1/2, p = 1/2, and p > 1/2.

(6) Define stable and asymptotically stable critical point of the system{
dx
dt

= F (x, y)
dy
dt

= G(x, y).

Show that the (0, 0) is the spiral simple critical point of the system{
dx
dt

= −2x+ 3y + xy
dy
dt

= −x+ y − 2xy2.
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Discuss the stability by using Poincaré theorem.

(7) Show that any non-trivial solution u(x) of u′′ + q(x)u = 0, q(x) < 0 for all x,

has at most one zero.

(8) Prove the following: Suppose that φ1 and φ2 be a fundamental pair of solutions

(and, hence are linearly independent) of y′′ + q(x)y = 0. If x1 and x2 be two

consecutive zeros of φ1, then φ2 has exactly one zero in (x1, x2).

(9) By method of variation of parameters find the complete solution of the following

equation

y′′ + 2y′ + y = e−x log x.

(10) Find the general solution the following equation by using method of Frobenius

2x2y′′ + x(2x+ 1)y′ − y = 0

by finding two independent Frobenius series solution.

Good luck!!


	Answer all questions. Each question carries 5 marks

